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A numerical investigation of two-dimensional steady laminar free convection ﬂow with heat and mass
transfer past a moving vertical plate in a porous medium subjected to a transverse magnetic ﬁeld is
carried out. The temperature and concentration level at the plate surface are assumed to follow a power-
law type of distribution. The governing non-linear set of equations is solved numerically employing a
fully implicit ﬁnite difference method. Results are presented to illustrate the inﬂuence of different pa-
rameters such as Grashof number (Gr), porosity parameter (Kp), magnetic ﬁeld parameter (Mn) and
exponents in the power law variation of the surface temperature and concentration, m and n. The
dimensionless velocity, temperature and concentration proﬁles are analyzed and numerical data for the
local Nusselt number and Sherwood number are presented. The study accentuates the signiﬁcance of the
relevant parameters.
© 2015 Karabuk University. Production and hosting by Elsevier B.V. This is an open access article under
the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
During the past several decades, convective ﬂow through porous
media has been a subject of considerable research interest of a large
number of scholars due to its diverse engineering applications.
These applications include, but are not limited to, for example heat
exchangers in high heat ﬂux applications such as electronic
equipment, insulation of the heated body, thermal energy storage
and sensible heat storage beds, drying process (wood and food
products), air conditioning and ﬁltration process. During the last
decades, several researchers studied free convection heat and mass
transfer in a porous medium [1e3]. Mass transfer effects on ﬂow
past an accelerated vertical plate has already been well studied
[4,5]. Furthermore, the problem of heat and mass transfer of non-
Newtonian ﬂuids in porous media has been a subject of interest in
many research projects [6e10].
In recent years, considerable attention has been devoted to the
study ofmagetohydrodynamics (MHD) ﬂow and heat. In addition tordeh).
ersity.
d hosting by Elsevier B.V. This is auseful features of MHD ﬂows, such studies can be helpful in pre-
diction of the effects of magnetic intrusions. Raptis and Singh [11]
studied MHD free convection ﬂow past an accelerated vertical
plate. Taza Gul et al. [12] studied heat transfer of MHD thin ﬁlm
ﬂow of an unsteady second grade ﬂuid past a vertical oscillating
belt by analytical techniques.
In recent years there has been a growing interest in studying the
combined application ofMHD ﬂowand porousmedia. Since the use
of magnetic ﬁeld can inﬂuence the heat generation/absorption
process in electrically conducting ﬂuid ﬂows, the rate of cooling in
many metallurgical processes and consequently the desired prop-
erties of the end product can be controlled. Furthermore, the in-
ﬂuence of magnetic ﬁeld on boundary layer ﬂows has brought
about its application in geothermal energy recovery, oil extraction
and thermal insulations. Abdulhameed et al. [13] obtained exact
solution for an unsteady two-dimensional MHD ﬂow of incom-
pressible viscous ﬂuid over a ﬂat plate with wall transpiration
embedded in a porous medium. Aldoss et al. [14] investigated
combined free and forced convection ﬂow from a vertical plate
embedded in a porous medium in the presence of a magnetic ﬁeld.
Chamkha [15] considered a plate embedded in a uniform porous
mediumwhichmoves with a constant velocity in the ﬂow direction
in the presence of a transverse magnetic ﬁeld.n open access article under the CC BY-NC-ND license (http://creativecommons.org/
Fig. 1. Physical model and coordinate system.
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ﬂow along a vertical cylinder embedded in a porous medium with
variable surface temperature and concentration. Also, Olajuwon
et al. [17] investigated the effect of thermal radiation and Hall
current on MHD ﬂow of a viscoelastic micropolar ﬂuid through a
porous medium. Furthermore, unsteadyMHD ﬂow in porousmedia
has been studied by several researchers [18e20].
Combined buoyancy-generated heat and mass transfer are
characterized by highly non-linear coupled partial differential
equations which are required to be solved by numerical
computations.
In recent years different researchers have used and discussed
various numerical modeling techniques [21e25]. A ﬁnite difference
solution of MHD mixed convection ﬂow with heat generation and
chemical reactionwas developed by Ahmed andMahmud [26]. Abd
El-Naby et al. [27] presented a ﬁnite difference solution of radiation
effects on MHD unsteady free-convection ﬂow over a vertical
porous plate. A numerical solution of the transient free convection
MHD ﬂow of an incompressible viscous ﬂuid past a semi-inﬁnite
inclined plate with variable surface heat and mass ﬂux was dis-
cussed by Ganesan and Palani [28]. Combined heat and mass
transfer effects on a moving vertical cylinder was investigated by
Takhar et al. [29] by using a Crank- Nicolson type implicit ﬁnite-
difference scheme.
Although there are numerous practical applications in indus-
trial processes, few previous published papers discussed heat and
mass transfer from a moving surface with variable temperature
and concentration. In this article, we attempt to investigate free
convective heat and mass transfer for MHD ﬂow past a vertical
moving plate in a porous medium. It is noticed that the tem-
perature and concentration do not remain constant in so many
ﬂuid ﬂow problems of practical interests. This prompted the au-
thors to consider a plate at varying, particularly linear tempera-
ture and concentration distribution to approach real cases. The
governing equations are solved by using an implicit ﬁnite differ-
ence method. The effect of relevant parameters like Grashof
number (Gr), porosity parameter (Kp), magnetic ﬁeld parameter
(Mn) and exponents in the power law variation of the surface
temperature and concentration, m and n, on heat and mass
transfer is explored.2. Mathematical formulation
Consider steady two-dimensional laminar free convective heat
and mass transfer ﬂow of viscous incompressible electrically
conducting ﬂuid past a vertical moving plate in a porous medium
where a uniform magnetic ﬁeld is applied in the direction
perpendicular to the ﬂuid ﬂow. Fig. 1 shows the physical model
and coordinate system of problem. The x-axis is assumed to be
taken along the plate in the vertically upward direction and the y-
axis normal to the plate. The moving plate is under variable
temperature boundary condition (Tw ¼ T∞ þ bxn) and variable
concentration (Cw ¼ C∞ þ axm). It is also assumed that the effect
of viscous dissipation is negligible in the energy equation and
there is no chemical reaction between the ﬂuid and the diffusing
species.T ¼ Tw ¼ T∞ þ bxn; c ¼ Cw ¼ C∞ þ axm;u ¼ up; v ¼ 0 on the surfa
T/T∞; c/C∞; u/0 on free surf
T ¼ T∞; c ¼ C∞; u ¼ 0 on plate attThe governing boundary layer equations of mass, momentum,
energy and species concentration for natural convection ﬂow with
Boussinesq's approximation are as follow:
vu
vx
þ vv
vy
¼ 0 (1)
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The boundary conditions are as follows [30]:ce : y ¼ 0
ace : y/∞
ack edge
Table 1
The comparison of Nusselt number values with Cheng [33] for n ¼ 1 and 1/3.
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2
n ¼ 1 n ¼ 1/3
Cheng [33] Present result Cheng [33] Present result
Nux=Ra
1=2
x 1.0000 0.99978 0.6776 0.67773X ¼ xup
n
; Y ¼ yup
n
;U ¼ u
up
;V ¼ n
up
;Mn ¼ nsB0
ru2p
q ¼ Tw  T
Tw  T∞;C ¼
Cw  c
Cw  C∞;Pr ¼
n
a
; Sc ¼ n
D
;N ¼ bcðCw  C∞Þ
bT ðTw  T∞Þ
;Gr ¼ gbTðTw  T∞Þn
u3p
;Kp ¼ n
2
rku2p
(5)
into Equations (1 e 4) gives the following set of differential
equations:
vU
vX
þ vV
vY
¼ 0 (6)
U
vU
vX
þ V vU
vY
¼ v
2U
vY2
þ Grðð1 qÞ þ Nð1 CÞÞ  Kp þMnU
(7)Fig. 2. (a) Velocity proﬁle (b) Temperature proﬁle (c) concentration proﬁle for Pr ¼U
vq
vX
 n
X
Uð1 qÞ þ V vq
vY
¼ 1
Pr
v2q
vY2
(8)
U
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m
X
Uð1 CÞ þ V vC
vY
¼ 1
Sc
v2C
vY2
(9)
and the corresponding boundary conditions are:
q ¼ 0;C ¼ 0;U ¼ 1;V ¼ 0 on the Y ¼ 0
q ¼ 1;C ¼ 1;U ¼ 0 on the free surface : Y/∞
q ¼ 1;C ¼ 1;U ¼ 0 on the plate attack edge
The local Nusselt number can be deﬁned as:
Nux ¼ hxxK (10)1,Sc ¼ 0.7, Kp ¼ 0.5, Mn ¼ 1,N ¼ 1,n ¼ 1,m ¼ 2 and different Grashof number.
Fig. 3. Axial distribution of (a) local Nusselt number (b) local Sherwood number for Pr ¼ 1,Sc ¼ 0.7, Kp ¼ 0.5, Mn ¼ 1,N ¼ 1,n ¼ 1,m ¼ 2 and different Grashof number.
Fig. 4. Velocity proﬁle for Pr ¼ 4, Sc ¼ 2, Mn ¼ 1,N ¼ 1,n ¼ 1.5,m ¼ 2.5,Gr ¼ 10.
Fig. 5. Axial distribution of (a) local Nusselt number (b) local Sherwood
K. Javaherdeh et al. / Engineering Science and Technology, an International Journal 18 (2015) 423e431426Using Newton's-law of cooling and Fourier's-law the local
Nusselt number can then be expressed as:
NuX ¼ X
vq
vY
: (11)
Also, the Sherwood number is deﬁned as:
Shx ¼ hDxD (12)
which can be expressed as:
ShX ¼ X
vC
vY
: (13)
3. Numerical method
The non-dimensional equations can be solved numerically using
a fully implicit ﬁnite-differencemethodwith the relevant boundary
conditions. The governing equations are considered as unsteady,
until ﬂow state becomes steady.number for Pr ¼ 4, Sc ¼ 2, Mn ¼ 1,N ¼ 1,n ¼ 1.5,m ¼ 2.5,Gr ¼ 10.
Fig. 6. (a) Velocity proﬁle, (b) Temperature proﬁle, (c) Concentration proﬁle for Pr ¼ 1,Sc ¼ 2, Kp ¼ 0.7, N ¼ .5,n ¼ 2.5,m ¼ 2,Gr ¼ 15.
Fig. 7. Axial distribution of local Nusselt number (a), local Sherwood number (b) for Pr ¼ 1,Sc¼ 2, Kp ¼ 0.7, N ¼ .5,n ¼ 2.5,m ¼ 2,Gr ¼ 15.
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Fig. 8. (a) Velocity proﬁle, (b) Temperature proﬁle for Pr ¼ 2,Sc ¼ 1,Mn ¼ 1,Kp ¼ 0.8, N ¼ .7,m ¼ 1.5,Gr ¼ 20.
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tions into ﬁnite difference equations, the axial convection term is
approximated by an upstream difference and the transverse con-
vection and diffusion terms by a central difference. Also the un-
steady terms are approximated by a backward difference during
each transient and axial step [31,32]. The resulting system of linear
algebraic equations can be written in tridiagonal form as:
Ai;jU
nþ1
i;j1 þ Bi;jUnþ1i;j þ Ci;jUnþ1i;jþ1 ¼ Di;j (14)
where U represent U,q or C.
Eq. (14) can be iteratively solved through Tri Diagonal Matrix
Algorithm (TDMA). The TDMA is an approach based on the
Gaussian elimination procedure and is only applicable to matrices
that are diagonally dominant. It is worth mentioning that theFig. 9. Axial distribution of local Nusselt number for Pr ¼ 2,Sc ¼ 1,Mn ¼ 1,Kp ¼ 0.8,
N ¼ .7,m ¼ 1.5,Gr ¼ 20.Dirichlet boundary conditions assist the dominance of matrix's
main diagonal [31,32].
In this work, the same process is continued until the conver-
gence criterion
Unþ1i;j Uni;j
Unmax
<5 105 (15)
is achieved.
Because of higher velocity and temperature gradients near the
moving surface and plate attack edge, smaller gridding is used here.
In the study, 301 non-uniform grid points are employed in the
transverse direction (Y). Some of the calculations were tested using
301 non-uniform grid points in the Y-direction, but no signiﬁcant
improvement over the 501 grid points was found. Additionally,
there are 120 non-uniform grid points in the marching direction.
Testing the program, a ﬁner axial step sizewas tried and the current
accuracy was found to be acceptable.
Furthermore, in order to ascertain the accuracy of the present
computer code, the present study was compared with available
solutions in the literature. Computations were ﬁrst made for free
convection about a vertical ﬂat plate with ramped temperature
embedded in a porous medium.
The obtained local Nusselt numbers were compared with the
available solution of Cheng [33], in Table 1 and are in good agree-
ment with those of Cheng.4. Results and discussion
In this research, the effects of the Grashof number, porous me-
dium parameter, magnetic ﬁeld parameter, power law index of
temperature and concentration on local Nusselt and Sherwood
number are shown graphically. Also, velocity, temperature and
concentration proﬁles are studied and discussed.
Fig. 2aec illustrates the variation of velocity, temperature and
concentration distribution of the ﬂow ﬁeld for different values of
Grashof number. The thermal Grashof number characterizes the
relative effect of the thermal buoyancy force to the viscous hy-
drodynamic force in the boundary layer ﬂow. Increase of Gr number
leads to a rise in the values of velocity owing to the assistance of
thermal buoyancy force which induces a favorable pressure
Fig. 10. (a) Velocity proﬁle, (b) Concentration proﬁle for Pr ¼ 2,Sc ¼ 1,Mn ¼ 1,Kp¼ 0.8, N ¼ .7,n ¼ 1.5,Gr ¼ 20.
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erate velocity. The ﬂuid velocity attains a distinctive maximum
value in a region near the plate surface and then decays to the free
stream value.
The acceleration of ﬂuid velocity corresponds to a reduction in
temperature and concentration boundary layer thicknesses. Higher
temperature and concentration gradients, as displayed in Fig. 2b
and c, yield higher rates of heat and mass transfer and an increase
in local Nusselt and Sherwood number (Fig. 3a and b).
It is evident from Fig. 4 that ﬂuid velocity decreases with an
increase in the porosity parameter (Kp). Physically, this refers to the
fact that increasing the tightness of the porous medium which is
represented by increase in Kp results in increasing the resistance
against the ﬂow.
Fig. 5a and b shows the effect of porous medium parameter (Kp)
on the local Nusselt and Sherwood number. A negligible decrease
can be seen in heat and mass transfer.Fig. 11. Axial distribution of local Sherwood number for Pr ¼ 2,Sc¼ 1,Mn ¼ 1,Kp¼ 0.8,
N ¼ .7,n¼ 1.5,Gr ¼ 20.Fig. 6(aec) depicts the inﬂuence of magnetic ﬁeld on the ve-
locity, temperature and concentration proﬁles. The range of mag-
netic ﬁeld is taken from 0 to 2. The velocity of the ﬂow ﬁeld is found
to decrease in presence of magnetic ﬁeld. Physically, it is true due to
the fact that the application of a transverse magnetic ﬁeld to an
electrically conducting ﬂuid gives rise to a body force known as
Lorentz force which tends to resist the ﬂuid ﬂow and slow down its
motion in the boundary layer region. This, in turn, reduces the rate
of heat convection in the ﬂow and this appears in increasing the
ﬂow temperature (Fig. 6b).
It is clear in Fig. 6(b) and (c) that the temperature and concen-
tration gradients decrease for higher values of magnetic ﬁeld
parameter (Mn) which result in lower heat and mass transfer
(Fig. 7a and b)
In Fig. 8a and b the velocity and temperature proﬁles are drawn
against Y for three different values of variable wall temperature
index (n). Here the values of n are chosen 1, 2, and 3.
Increase in the wall temperature power law index (n) is
accompanied by simultaneous reductions in the ﬂuid velocity and
temperature. Higher temperature difference between the moving
plate and the ﬂuid yields to higher Nusselt number as demon-
strated in Fig. 9.
Velocity and temperature proﬁles are shown in Fig. 10a and b for
three different values of variable wall concentration index (m).
Here the values of m are chosen 1, 2, and 3. A comparative study of
Figs. 8 and 10 reveals that the variable wall temperature and con-
centration indices, n and m, have similar inﬂuences on the velocity
proﬁles. The concentration difference between ﬂuid and surface
increases as m increases from 1.0 to 3.0 which contributes to the
increase of Sherwood Number (Fig. 11).5. Conclusion
Free convective heat and mass transfer for MHD ﬂow past a
vertical moving plate in a porous medium have been studied. The
temperature and concentration level at the plate surface were
assumed to vary as power law type functions in the streamwise co-
ordinate. The momentum, energy and concentration equations
were solved numerically using a fully implicit ﬁnite difference
method. Effects of different parameters such as Grashof number
(Gr), porosity parameter (Kp), magnetic ﬁeld parameter (Mn) and
exponents in the power law variation of the surface temperature
K. Javaherdeh et al. / Engineering Science and Technology, an International Journal 18 (2015) 423e431430and concentration, m and n, on velocity, temperature and con-
centration proﬁles together with the variations in heat and mass
transfer were analyzed.
The present study brings out the following signiﬁcant ﬁndings:
1 The Grashof number has an accelerating effect on the ﬂow ve-
locity due to the enhancement in the buoyancy force. This in-
creases the temperature and concentration gradients on the
surface and leads to a rise in heat and mass transfer.
2 The higher the porosity parameter, the more sharply is the
reduction in velocity which is accompanied by a reduction in
both Nusselt and Sherwood number.
3 Transverse magnetic ﬁeld produces a type of resistive force
which opposes the ﬂow. This contributes to the thickening of
the thermal and mass boundary layer which, in turn, reduces
the rate of heat and mass transfer.
4 The increase in the power law index for either wall variable
temperature (n) or wall variable concentration (m) is seen to
decelerate the ﬂow while increasing the temperature and con-
centration gradients on the surface. This measure helps to in-
crease the Nusselt and Sherwood number whereas the ﬂow
velocity is reduced.
Nomenclature
B0 magnetic ﬁeld intensity
c concentration of the ﬂuid
Cp speciﬁc heat at constant pressure
D mass diffusion coefﬁcient
F magnetic force
g acceleration due to gravity
Gr Grashof number
hx local heat transfer coefﬁcient
hd local mass transfer coefﬁcient
i grid point along the X e direction
j grid point along the Y e direction
Kp permeability of the porous medium
k thermal conductivity
m exponent in power law variation of wall temperature
Mn magnetic ﬁeld parameter
n exponent in power law variation of wall concentration
Nux local Nusselt number
Pr Prandtl number
Re Reynolds number
Sc Schmidt number
Shx local Sherwood number
T ﬂuid temperature
u, v ﬂuid velocity components along x and y directions
respectively
Up moving plate velocity
x, y coordinate axes along and perpendicular to the plate
a thermal diffusivity
b coefﬁcient of volume expansion
n kinematic viscosity
m viscosity of the ﬂuid
r density of the ﬂuid
s electrical conductivity
C dimensionless concentration
X,Y dimensionless x and y co-ordinates
U,V dimensionless velocity components in X,Y directions
q dimensionless temperature
Subscripts
w condition on the wall
∞ at free-stream conditionT at constant temperature condition
C at constant concentration conditionReferences
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